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Abstract
In this paper, we present a new model and two mechanisms for auctions in two-sided
markets of buyers and sellers, where budget constraints are imposed on buyers. Our model
incorporates polymatroidal environments, and is applicable to a wide variety of models
that include multiunit auctions, matching markets and reservation exchange markets. Our
mechanisms are build on polymatroidal network flow model by Lawler and Martel, and
enjoy various nice properties such as incentive compatibility of buyers, individual rationality,
pareto optimality, strong budget balance. The first mechanism is a simple “reduce-to-
recover” algorithm that reduces the market to be one-sided, applies the polyhedral clinching
auction by Goel et al, and lifts the resulting allocation to the original two-sided market
via polymatroidal network flow. The second mechanism is a two-sided generalization of the
polyhedral clinching auction, which improves the first mechanism in terms of the fairness of
revenue sharing on sellers. Both mechanisms are implemented by polymatroid algorithms.
We demonstrate how our framework is applied to internet display ad auctions.
1 Introduction
Mechanism design for auctions in two-sided markets is a challenging and urgent issue, especially
for rapidly growing fields of internet advertisement. In ad-exchange platforms, the owners of
websites want to get revenue by selling their ad slots, and the advertisers want to purchase
ad slots. Auctions are an efficient way of mediating them, allocating ad slots, and determining
payments and revenues, where the underlying market is two-sided in principle. Similar situations
arise from stock exchanges and spectrum license reallocation; see e.g., [3, 7]. Despite its potential
applications, auction theory for two-sided markets is currently far from dealing with such real-
world markets. The main difficulty is that the auctioneer has to consider incentives of buyers
and sellers, both possibly strategic, and is confronted with impossibility theorems to design
a mechanism achieving both accuracy and efficiency, even in the simplest case of bilateral
trade [19].
In this paper, we address auctions for two-sided markets, aiming to overcome such difficulties
and provide a reasonable and implementable framework. To capture realistic models mentioned
above, we deal with budget constraints on buyers. The presence of budgets drastically changes
the situation in which traditional auction theory is not applicable. Our investigation is thus
based on two recent seminal works on auction theory of budgeted one-sided markets:
(i) Dobzinski et al. [5] presented the first effective framework for budget-constrained mar-
kets. Generalizing the celebrated clinching framework by Ausubel [1], they proposed an
incentive compatible, individually rational, and pareto optimal mechanism, called the
“Adaptive Clinching Auction”, for markets in which the budget information is public to
the auctioneer. This work triggered subsequent works dealing with more complicated
settings [2, 4, 6, 8, 12, 13, 14].
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(ii) Goel et al. [14] utilized polymatroid theory to generalize the above result for a broader
class of auction models including previously studied budgeted settings as well as new
models for contemporary auctions such as Adwords Auctions. Here a polymatroid is a
polytope associated with a monotone submodular function, and can represent the space
of feasible transactions under several natural constraints. They presented a polymatroid-
oriented clinching mechanism, called “Polyhedral Clinching Auction,” for markets with
polymatroidal environments. This mechanism enjoys incentive compatibility, individual
rationality, and pareto optimality, and can be implemented via efficient submodular opti-
mization algorithms that have been developed in the literature of combinatorial optimiza-
tion [10, 20].
The goal of this paper is to extend this line of research to reasonable two-sided settings.
Our contribution. We present a new model and mechanisms for auctions in two-sided mar-
kets. Our market is modeled as a bipartite graph of buyers and sellers, with transacting goods
through the links. The goods are divisible and common in value. Each buyer wants the goods
under a limited budget. Each seller constrains transactions of his goods by a monotone sub-
modular function on the set of edges linked to him. Namely, possible transactions are restricted
to the corresponding polymatroid. In the auction, each buyer reports his bid and budget to
the auctioneer, and each seller reports his reserved price. In our model, the reserved price is
assumed to be identical with his true valuation; this assumption is crucial for avoiding im-
possibility theorems. The utilities are quasi-linear (within budget) on their valuations and
payments/revenues. The goal of this auction is to determine transactions of goods, payments of
buyers, and revenues of sellers, with which all participants are satisfied. In the case of a single
seller, this model coincides with that of Goel et al [14].
For this model, we present two mechanisms that satisfy the incentive compatibility of buyers,
individual rationality, pareto optimality and strong budget balance. Our mechanisms are built
on and analyzed via polymatroidal network flow model by Lawler and Martel [16]. This is a
notable feature of our technical contribution. It is the first to apply polymatroidal network flow
to mechanism design.
The first mechanism is a “reduce-and-recover” algorithm via a one-sided market: The mech-
anism constructs “the reduced one-sided market” by aggregating all sellers to one seller, applies
the original clinching auction of Goel et al. [14] to determine a transaction vector, payments of
buyers, and the total revenue of the seller. The transaction vector of the original two-sided mar-
ket is recovered by computing a polymatroidal network flow. The total revenue is distributed to
the original sellers arbitrarily so that incentive rationality of sellers and strong budget balance
are satisfied. We prove in Theorem 3.5 that this mechanism satisfies the desirable properties
mentioned above. Also this mechanism is implementable by polymatroid algorithms. The char-
acteristic of this mechanism is to determine statically transactions and revenues of sellers at the
end. This however can cause unfair revenue sharing, which we will discuss in Section 4.
The second mechanism is a two-sided generalization of the polyhedral clinching auction
by Goel et al. [14], which determines dynamically transactions and revenues, and improves
fairness on the revenue sharing. The mechanism works as the original clinching auction: As
price clocks increase, each buyer clinches a maximal amount of goods not affecting other buy-
ers. Here each buyer transacts with multiple sellers, and hence conducts a multidimensional
clinching. We prove in Theorem 3.6 an intriguing property that feasible transactions of sellers
for the clinching forms a polymatroid, which we call the clinching polytope, and moreover the
corresponding submodular function can be computed in polynomial time. Thus this mechanism
is also implementable. We reveal in Theorem 3.9 that the allocation to the buyers obtained
by this mechanism is the same as that by the original polyhedral clinching auction applied to
the reduced one-side market. This means that the second mechanism achieves the same perfor-
mance for buyers as that in the original one, and also improves the first mechanism in terms of
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the revenues sharing on sellers.
Our framework captures a wide variety of auction models in two-sided markets, thanks
to the strong expressive power of polymatroids. Examples include two-sided extensions of
multiunit auctions [5] and matching markets [8] (for divisible goods), and a version of reservation
exchange markets [11]. We demonstrate how our framework is applied to auctions for display
advertisements. In addition, our model can incorporate with concave budget constraints in Goel
et al. [13]. Also our result can naturally extend to concave budget settings (Remark 2). Thus
our framework is applicable to more complex settings occurring in the real world auctions, such
as average budget constraints.
Related work. Double auction is the simplest auction for two-sided markets, where buyers
and sellers have unit demand and unit supply, respectively. The famous Myerson-Satterthwaite
impossibility theorem [19] says that there is no mechanism which simultaneously satisfies incen-
tive compatibility (IC), individual rationality (IR), pareto optimality (PO), and budget balance
(BB). McAfee [17] proposed a mechanism that satisfies (IC),(IR), and (BB). Recently, Colini-
Baldeschi et al. [3] proposed a mechanism that satisfies (IC), (IR), and strong budget balance
(SBB), and achieves an O(1)-approximation to the maximum social welfare.
Goel et al. [11] considered a two-sided market model, called a reservation exchange market,
for internet advertisement. They formulated several axioms of mechanisms for this model,
and presented an (implementable) mechanism satisfying (IC) for buyers, (IR), maximum social
welfare, and a fairness concept for sellers, called α-envy-freeness. This mechanism is also based
on the clinching framework, and sacrifices (IC) for sellers to avoid the impossibility theorem.
Their setting is non-budgeted.
Freeman et al. [9] formulated the problem of wagering as an auction in a special two-sided
market, and presented a mechanism, called the “Double Clinching Auctions”, satisfying (IC),
(IR), and (BB). They verified by computer simulations that the mechanism shows near-pareto
optimality. This mechanism is regarded as the first generalization of the clinching framework
to budgeted two-sided settings, though it is specialized to wagering.
Our results in this paper provide the first generic framework for auctions in budgeted two-
sided markets.
Organization of this paper. The rest of this paper is organized as follows. In Section 2,
we introduce our model and present the main result and applications. In Section 3, we present
and analyze our mechanisms. In Section 4, we discuss our mechanisms and raise future research
issues. In Section 5, we give proofs.
Notation. Let R+ denote the set of nonnegative real numbers, and let RE+ denote the set
of all functions from a set E to R+. For w ∈ RE+, we often denote w(e) by we, and write as
w = (we)e∈E . Also we denote F ∪ {e} by F + e, and denote F \ {e} by F − e. For F ⊆ E, let
w|F denote the restriction of w to F . Also let w(F ) denote the sum of w(e) over e ∈ F , i.e.,
w(F ) :=
∑
e∈F w(e).
Let us recall theory of polymatroids and submodular functions; see [10, 20]. A monotone
submodular function on set E is a function f : 2E → R+ satisfying:
f(∅) = 0,
f(S) ≤ f(T ) (S, T ⊆ E, S ⊆ T ),
f(S + e)− f(S) ≥ f(T + e)− f(T ) (S, T ⊆ E,S ⊆ T, e ∈ E \ T ), (1)
where the third inequality is equivalent to the submodularity inequality:
f(S) + f(T ) ≥ f(S ∩ T ) + f(S ∪ T ) (S, T ⊆ E).
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The polymatroid P := P (f) associated with monotone submodular function f : 2E → R+ is
defined by
P :=
{
x ∈ RE+ |x(F ) ≤ f(F ) (F ⊆ E)
}
,
and the base polytope of f is defined by
B :=
{
x ∈ P |x(E) = f(E)},
which is equal to the set of all maximal points in P . A point in B is obtained by the greedy
algorithm in polynomial time, provided the value of f for each subset F ⊆ E can be computed
in polynomial time.
2 Main result
We consider a two-sided market consisting of n buyers and m sellers. Our market is modeled as
a bipartite graph (N,M,E) of disjoint sets N , M of nodes and edge set E ⊆ N ×M , where N
and M represent the sets of buyers and sellers, respectively, and buyer i ∈ N and seller j ∈M
are adjacent if and only if i wants the goods of seller j. An edge (i, j) ∈ E is denoted by ij.
For buyer i (resp. seller j), let Ei (resp. Ej) denote the set of edges incident to i (resp. j).
In the market, the goods are divisible and homogeneous. Each buyer i has three nonnegative
real numbers vi, v
′
i, Bi ∈ R+, where vi and v′i are his valuation and bid, respectively, for one unit
of the goods, and Bi is his budget. Each buyer i acts strategically for maximizing his utility ui
(defined later), and hence his bid v′i is not necessarily equal to the true valuation vi. In this
market, each buyer i reports v′i and Bi to the auctioneer. Each seller j also has a valuation ρj
∈ R+ for one unit of the goods, and reports ρj to the auctioneer as the reserved price of his
goods, the lowest price that he admits for the goods. In particular, he is assumed to be truthful
(to avoid the impossibility theorem, as in [11]). He also has a monotone submodular function fj
on Ej , which controls transactions of goods through Ej . The value fj(F ) for F ⊆ Ej means the
maximum possible amount of goods transacted through edge subset F . In particular, fj(Ej) is
interpreted as his stock of goods. These assumptions on sellers are characteristic of our model.
Under this setting, the goal is to design a mechanism determining a reasonable allocation.
An allocation A of the auction is a triple A := (w, p, r) of a transaction vector w = (wij)ij∈E ,
a payment vector p = (pi)i∈N , and a revenue vector r = (rj)j∈M , where wij is the amount of
transactions of goods between buyer i and seller j, pi is the payment of buyer i, and rj is the
revenue of seller j. For each j ∈M , the restriction w|Ej of the transaction vector w to Ej ⊆ E
must belong to the polymatroid Pj corresponding to fj :
w|Ej ∈ Pj (j ∈M).
Also the payment pi of buyer i must be within his budget Bi:
pi ≤ Bi (i ∈ N).
A mechanismM is a function that gives an allocation A = (w, p, r) from public information
I := ((N,M,E), {v′i}i∈N , {Bi}i∈N , {ρj}j∈M , {fj}j∈M ) that the auctioneer can access. The true
valuation vi of buyer i is private information that only i can access. We regard I and {vi}i∈N
as the input of our model.
Next we define the utilities of buyers and sellers. For an allocation A = (w, p, r), the utility
ui(A) of buyer i is defined by:
ui(A) :=
{
viw(Ei)− pi if pi ≤ Bi,
−∞ otherwise. (2)
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Namely the utility of a buyer is the valuation of obtained goods minus the payment. The utility
of seller j is defined by:
uj(A) := rj + ρj(fj(Ej)− w(Ej)). (3)
This is the sum of revenues and the total valuation of his remaining goods. In this model, we
consider the following properties of mechanism M.
(ICb) Incentive Compatibility of buyers: For every input I, {vi}i∈N , it holds
ui(M(I)) ≤ ui(M(Ii)) (i ∈ N),
where Ii is obtained from I by replacing bid v′i of buyer i with his true valuation vi. This
means that it is the best strategy for each buyer to report his true valuation.
(IRb) Individual Rationality of buyers: For each buyer i, there is a bid v′i such that i always
obtains nonnegative utility. If (ICb) holds, then (IRb) is written as
ui(M(Ii)) ≥ 0 (i ∈ N).
(IRs) Individual Rationality of sellers: The utility of each seller j after the auction is at least
the utility ρjfj(Ej) at the beginning:
uj(M(I)) ≥ ρjfj(Ej) (j ∈M).
By (3), (IRs) is equivalent to
rj ≥ ρjw(Ej). (4)
(SBB) Strong Budget Balance: All payments of buyers are directly given to sellers:∑
i∈N
pi =
∑
j∈M
rj .
(PO) Pareto Optimality: There is no allocation A := (w, p, r) which satisfies
∑
i∈N
pi ≥
∑
j∈M
rj
and the following three conditions:
ui(M(I∗)) ≤ ui(A) (i ∈ N),
uj(M(I∗)) ≤ uj(A) (j ∈M),
and at least one of the inequalities holds strictly, where I∗ is obtained from I by replacing
{v′i}i∈N with {vi}i∈N . Namely, there is no other allocation superior to that given by M
for all buyers and sellers, provided all buyers report their true valuation.
They are desirable properties that mechanisms should have. The main result is:
Theorem 2.1. There exists a mechanism that satisfies all of (ICb),(IRb),(IRs), (SBB), and (PO).
The details of our mechanisms are explained in Section 2.
Remark 1. Maximizing the social welfare, the sum of utilities of all participants, is usually
set as the goal in traditional auction theory. However, in budgeted settings, it is shown in [5]
that the maximum social welfare and incentive compatibility of buyers cannot be achieved
simultaneously. As in the previous works [2, 4, 5, 6, 8, 12, 13, 14], we give priority to incentive
compatibility.
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2.1 Application to display ad auction of multiple sellers and slots
We present applications of our results to display advertisements (ads) between advertisers and
owners of websites. Each owner j wants to sell ad slots in his website. Each advertiser i wants
to purchase the slots. Namely, the owners are sellers, and advertisers are buyers, where buyer i
is linked to seller j if i is interested in the slots of the website of j. The market is modeled as a
bipartite graph (N,M,E) as above. We consider the following two types of ad auction, which
are viewed as reservation exchange markets in the sense of [11].
2.1.1 Page-based ad auction
The website of seller j consists of pages 1, 2, . . . , sj , where each page k ∈ {1, 2, . . . , sj} has tkj ad
slots. Each buyer purchases at most one slot from each page (so that the same advertisement
cannot be displayed simultaneously). To control transaction of each seller j, set fj : 2
Ej → R+
as
fj(Fj) :=
∑
k∈{1,2,...,sj}
min(tkj , |Fj |) (Fj ⊆ Ej). (5)
Then fj is actually a monotone submodular function. It turns out that fj is appropriate for our
purpose. Hence the market falls into our model, and our mechanisms are applicable to obtain
transaction w.
We first explain the way of ad-slotting at owner j from the obtained w, in which the meaning
of fj will be made clear. We consider the following network Nj . Let Nj denote the set of buyers
linked to j. Consider buyers in Nj and pages of j as nodes in Nj . Add a directed edge from each
buyer i ∈ Nj to each page k with unit capacity. Add source node a and edge ai for each i ∈ Nj
with capacity wij . Also, add sink node b and edge kb for each page k with capacity t
k
j . Consider
a maximum flow ϕ in the resulting network Nj . From the max-flow min-cut theorem, one can
see that fj(Fj) is nothing but the maximum value of a flow from Fj to b. Hence, transaction
wij satisfies the polymatroid constraint of j if and only if every maximum flow in Nj attains
capacity bound wij on each source edge ai.
From a maximum flow ϕ, the owner j conducts ad-slotting according to values ϕ(ik) ∈ [0, 1].
Consider first an ideal situation where ϕ is integer-valued, i.e., ϕ(ik) ∈ {0, 1}. Then the owner j
naturally assigns the ad of buyer i at page k if ϕ(ik) = 1, since wij is the sum of ϕ(ik) over k
(by flow conservation law and ϕ(si) = wij), and at most t
k
j buyers purchase page k. Consider
the usual case where ϕ(ik) is not integer-valued. The value ϕ(ik) will be interpreted as the
probability that the ad of i is displayed at page k. Add dummy buyers i′ to Nj and define
ϕ(ki′) so that |Nj | ≥ tkj =
∑
i∈Nj ϕ(ik) (if necessary). Consider probability p = p
k over the set
of all tkj -element subsets of Nj satisfying∑
X:i∈X
p(X) = ϕ(ik) (i ∈ Nj). (6)
The owner selects a tkj -element subset X ⊆ Nj with probability p(X), and displays the ads of
X at page k. By (6), the ad of advertiser i is displayed with probability ϕ(ik), as desired.
The probability with (6) can be constructed by the following algorithm, where t := tkj .
0. Let qi := ϕ(ik) (i ∈ Nj), and let p(X) := 0 for all t-element subsets X of Nj .
1. If qi = 0 (i ∈ Nj), then output p.
2. Sort qi1 ≥ qi2 ≥ qi3 ≥ · · · , and let X := {i1, . . . , it}.
3. Define p(X) as the maximum γ with 0 ≤ qi − γ for i ∈ X and qi ≤ 1−
∑
X p(X)− γ for
i /∈ X.
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4. Let qi := qi − p(X) for i ∈ X, and go to 1.
Let us sketch the correctness of the algorithm. In step 2, it always holds 0 ≤ qi ≤ 1−
∑
X p(X),
and
∑
i∈Nj qi = (1 −
∑
X p(X))t. Then it holds in step 3 that qi > 0 for i ∈ X, and qi <
1 −∑X p(X) for i /∈ X. Thus γ is positive. After steps 3 and 4, qi is zero for some i ∈ X
or qi′ = 1 −
∑
X p(X) holds for some i
′ /∈ X. For the latter case, i′ is always contained
in X for the subsequent iterations. If qi = 1 −
∑
X p(X) for all i ∈ X, then qi′ = 0 for
i′ /∈ X. Thus the algorithm terminates after O(Nj + t) iterations. By construction, it holds∑
X:i∈X p(X) = ϕ(ik) (i ∈ Nj) and
∑
X p(X) = 1.
2.1.2 Quality-based ad auction
Each seller has one page with tj ad slots. Each slot l ∈ {1, 2, . . . , tj} has a barometer βjl ∈ R+ for
the quality of ads, which can be thought of as the expected number of views of l over a certain
period. Suppose that βj1 ≥ βj2 ≥ · · · ≥ βjtj . The view-impression is the unit of this barometer;
namely, slot l has βjl view-impressions. In the market, buyers purchase view-impressions from
sellers, and have bids and valuations for the unit view-impression. After the auction, suppose
that buyer i obtains wij units of view-impressions from j. Seller j assigns ads of buyers (linked
to j) to his slots so that the same ads cannot be displayed in distinct slots at the same time.
An ad-slotting is naturally represented by (S, ψ) for a set S of buyers and a bijection ψ from
S to the |S| slots with the highest quality. Here the number of slots is assumed at least |S| by
adding dummy slots of 0 view-impressions. Seller j displays ads of i according to a probability
distribution p on the set of all ad-slottings satisfying
wij =
∑
(S,ψ)
p(S, ψ)βjψ(i). (7)
Namely the expected number of view-impressions of ads i in the website of j is equal to wij .
The existence of such a p constrains transactions wij , and is equivalent to the condition that for
each set S of buyers linked to j,
∑
i∈S wij is at most the sum of |S| highest βjl . This condition
can be written by the following monotone submodular function fj :
fj(Fj) :=
|Fj |∑
l=1
βjl (Fj ⊆ Ej).
Then seller j restricts his transactions wij by the corresponding polymatroid Pj , to conduct
the above way of ad-slotting after the auction. Again the market falls into our model, and is a
modification of Adwords auctions in [14] for display ad auctions with multiple websites, where
the way of ad-slotting according to (7) is based on their idea.
Notice that an extreme point of Pj ⊆ REj is precisely a vector ξ = (ξi)i∈Nj such that for some
subset S ⊆ Nj and bijection ψ : S → {1, 2, . . . , |S|}, it holds ξi = βjψ(i) if i ∈ S, or 0 otherwise.
In particular, (7) is viewed as a convex combination of extreme points of Pj . Therefore, the
required probability distribution p is obtained by expressing w as a convex combination of
extreme points of Pj .
The page-based ad auction in Section 2.1.1 can incorporate the quality-based formulation.
Suppose that each slot l ∈ {1, 2, . . . , tj} (including dummy slots) on the page k has a barometer
βjkl for the quality of ads, and that β
j
k1 ≥ βjk2 ≥ · · · ≥ βjktj for each k ∈ {1, 2, . . . , tj}. Replace
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fj in (5) by
fkj (Fj) :=
|Fj |∑
j=1
βjkl, (8)
fj(Fj) :=
∑
k∈{1,...,sj}
fkj (Fj) (Fj ⊆ Ej). (9)
This fj is also monotone submodular, and our mechanisms are applicable. The obtained trans-
action wij is distributed to view-impression ϕ(ik) per page k so that
∑
k∈{1,...,tj} ϕ(ik) = wij ,
and ϕ(ik) (i ∈ Nj) satisfies polymatroid constraint by fkj . Such a distribution can easily be
obtained via polymatroidal network flow, introduced in the next section. The owner conducts,
at each page, the ad-slotting in the same way as above.
3 Polyhedral Clinching Auctions for Two-sided Markets
3.1 Polymatroidal network flow
In our mechanisms, we utilize polymatroidal network flow model by Lawler and Martel [16].
A polymatroidal network is a directed network (V,E) with source s and sink t such that each
node v has polymatroids P+v and P
−
v defined on the sets δ
+
v and δ
−
v of edges leaving v and
entering v, respectively.
A flow is a function ϕ : E → R+ satisfying
ϕ(δ+v) = ϕ(δ−v) (v ∈ V \ {s, t}),
ϕ|δ+v ∈ P+v ,
ϕ|δ−v ∈ P−v .
Let f+v and f
−
v denote the monotone submodular functions corresponding to P
+
v and P
−
v ,
respectively. In the case where the network has edge-capacity c : E → R+, the capacity-
constraint ϕ(e) ≤ c(e) around a vertex v is also written by the polymatroid of submodular
function:
F 7→ c(F ) =
∑
e∈F
c(e) (F ⊆ δ+v (or δ−v )). (10)
The flow-value of a flow ϕ is defined as
ϕ(δ+s )− ϕ(δ−s ) (= ϕ(δ−t )− ϕ(δ+t )).
The following is a generalization of the max-flow min-cut theorem for polymatroidal net-
works, and is also a version of the polymatroid intersection theorem.
Theorem 3.1 (Lawler and Martel [16]). The maximum value of a flow is equal to
min
U,A,B
{
∑
v∈V \U
f−v (δ
−
v ∩A) +
∑
v∈U
f+v (δ
+
v ∩B)}, (11)
where U ranges over all node subsets with s ∈ U 63 t and {A,B} ranges over all bi-partitions of
the set of edges leaving U .
There are several algorithms to obtain a maximum flow ϕ and U,A,B attaining the minimum
of (11); see [10, Section 5] and references therein.
8
Algorithm 1 Polyhedral Clinching Auction [14] for (Reduced) One-sided Market.
1: yi := 0, pii := 0, ci := 0, di :=∞ (i ∈ N) and l := 1
2: while d 6= 0 do
3: Clinch a maximal increase (ζi)i∈N not affecting other buyers.
4: yi := yi + ζi, pii := pii + ciζi (i ∈ N)
5: cl := cl + ε
6: di :=
{
(Bi − pii)/ci if ci < v′i,
0 otherwise,
(i ∈ N).
7: l := l + 1 mod m+ n
8: end while
3.2 First Mechanism
Here we describe the first mechanism for Theorem 2.1. First we make the following preprocessing
on the market. Buyers and sellers are numbered as N = {1, 2, ..., n} and M = {1, 2, ...,m}. For
each seller j ∈ M , add to N a virtual buyer n + j corresponding to j, and add to E a new
edge connecting n + j and j, i.e., buyer n + j transacts only with j. The virtual buyer n + j
has sufficiently large budget Bn+j = ∞, and reports the valuation ρj of j as bid v′n+j . The
valuation vn+j is set as vn+j := v
′
n+j (though we do not use vn+j in the mechanisms). The
submodular function fj is extended by
fj(F ) :=
{
fj(Ej) if (n+ j)j ∈ F,
fj(F ) otherwise
(F ⊆ Ej ∪ {(n+ j)j}). (12)
This means that the goods purchased by buyer n + j is interpreted as the unsold goods of j.
The utility of seller j (in the original market) is the sum of the revenue of seller j and the utility
of buyer n+ j after the auction.
We utilize the framework by Goel et al. [14] for one-sided markets under polymatroidal
environments. From our two-sided market (including virtual buyers), we construct a one-sided
market consisting of N and one seller (= auctioneer) to which their framework is applicable.
Define polymatroid P ⊆ RE+ by
P :=
⊕
j∈M
Pj = {w ∈ RE+ | w|Ej ∈ Pj (j ∈M)}. (13)
The polymatroidal environment on N is defined by the following polytope P˜ ⊆ RN+ :
P˜ := {y ∈ RN+ | ∃w ∈ P, yi = w(Ei) (i ∈ N)}.
Then P˜ is a polymatroid, which immediately follows from a network induction of a polyma-
troid [18]. The resulting one-sided market is called the reduced one-side market. An allocation
of this market is a pair (y, pi) of y, pi ∈ RN+ , where yi and pii is the transaction and payment,
respectively, of buyer i to the seller. The transaction vector y must belong to the polyma-
troid P˜ . For each buyer i, payment pii must be within his budget Bi. The utility of buyer i is
defined in (2) by replacing w(Ei) with yi, and pi with pii. Now the original polyhedral clinching
auction [14] is applicable to this one-sided market, and is given in Algorithm 1. The meaning
of variables ci, ζi, yi, pii, di, l and fixed parameter ε > 0 is explained as follows:
• ci is the price clock of buyer i, which is used as the transaction cost for one unit of the
goods at this moment. It starts at 0 and increases by ε in each step.
• ζi is the amount of goods that buyer i clinches in the current iteration.
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Figure 1: The polymatroidal network N in mechanism 1.
• yi is the amount of goods of buyer i.
• pii is the payment of buyer i.
• di is the demand of buyer i, which is interpreted as the maximum possible amount of
transactions that buyer i can get in the future.
• l is the buyer whose price clock is increased in the next iteration.
Algorithm 1 terminates when di = 0 for all buyer i, and outputs (y, pi) at this moment. As in
Goel et al. [13] we assume the following:
Assumption 3.2. All values of v′i are multiples of ε.
We have to explain the detail of “not affecting other buyers” in line 3. For a transaction
vector y and demand vector d, define the remnant supply polytope P˜y,d by
P˜y,d := {z ∈ RN+ | y + z ∈ P˜ , zi ≤ di (i ∈ N)}. (14)
Also, for ζ ∈ R+, define the remnant supply polytope of remaining buyers N − i by
P˜ iy,d(ζ) := {σ ∈ RN−i+ | ∃z ∈ P˜y,d, zi = ζ, z|N−i = σ}. (15)
The first polytope P˜y,d ⊆ P˜ represents the feasible increases of transactions under y and d,
and the second polytope P˜ iy,d(ζ) ⊆ RN−i+ represents the possible amounts of goods that buyers
except i can get in the future, provided i got ζ ∈ R+ in this iteration. For each i, clinching ζi
in line 3 is chosen as the maximum ζ for which P˜ iy,d(ζ) = P˜
i
y,d(0). Then the following theorem
holds.
Theorem 3.3 (Goel et al. [14]). Algorithm 1 satisfies (ICb) and (IRb). Moreover, when the
algorithm terminates, the transaction vector y belongs to the base polytope of P˜ .
Our mechanism makes use of the allocation (y, pi) for Algorithm 1. We transform (y, pi) into
an allocation (w, p, r) for the original two-sided market by using polymatroidal network flow;
see Section 3.1. Let us construct a polymatroidal network N from the market (N,M,E) and
y; see Figure 1. Each edge in E is directed from N to M . For each buyer i, consider copy i′
and edge i′i. The set of the copies of X ⊆ N is denoted by X ′. Add source node s and edge si′
for each i′ ∈ N ′. Also, add sink node t and edge jt for each j ∈M . Edge-capacity c is defined
from y by
c(e) :=
{
yi if e = i
′i for i ∈ N,
∞ otherwise. (16)
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Two polymatroids of each node are defined as follows. For j ∈M , the polymatroid on δ−j = Ej
is defined as Pj , and the other polymatroid on δ
+
j is defined by the capacity as in (10). Both
two polymatroids of other nodes are defined by the capacity. Let N denote the resulting
polymatroidal network.
Compute a maximum flow ϕ in N . The transaction vector w of the original two-sided
market is obtained as w := ϕ|E . By the construction, w satisfies the polymatroid constraint.
The payment vector p is naturally given by p := pi, which satisfies the budget constraints. Also
we choose r as an arbitrary vector that satisfies
rj − pn+j + ρjyn+j ≥ ρjfj(Ej) (j ∈M), (17)∑
j∈M
rj =
∑
i∈N
pi. (18)
It turns out that the first condition (17) corresponds to (IRs), and the second condition (18)
corresponds to (SBB).
Lemma 3.4. There exists a vector r satisfying (17) and (18).
We give in the next section a constructive proof of this lemma via mechanism 2.
After the procedure above, we obtain the allocation (w, p, r) including virtual buyers. We
transform this allocation into the allocation in the original market as follows:
• For each seller j, we regard yn+j = w(n+j)j as the unsold goods of j, and replace the
revenue rj by rj − pn+j .
By this update, (17) and (18) are equal to (IRs) and (SBB), respectively. Then we obtain the
following theorem:
Theorem 3.5. Mechanism 1 satisfies all the properties in Theorem 2.1.
Proof. First we prove w(Ei) = yi for each i ∈ N . Since y is obtained by Algorithm 1, it holds
y ∈ P˜ and thus there exists w˜ := {w˜ij}ij∈E such that w˜ ∈ P and w˜(Ei) = yi. Then w˜|Ej ∈ Pj
for each j ∈ M , and there exists a flow ϕ˜ such that ϕ˜|E = w˜. By the flow-conservation law,
it holds ϕ˜(i′i) = w˜(Ei) = yi for each i ∈ N . Since it holds c(i′i) = yi for each i ∈ N , ϕ˜ is a
maximum flow in N . Therefore we obtain ϕ˜(i′i) = yi for each i ∈ N for any maximum flow
ϕ˜ in N . Thus the total amount of transaction of buyer i is certainly yi. By this fact and the
definition of p, (ICb) and (IRb) are obtained immediately from Theorem 3.3.
As we mentioned, by the above update of the goods and revenue for sellers, (IRs) is equivalent
to (17). Also (SBB) is nothing but (18).
The proof of (PO) is precisely the same as that for mechanism 2 (Theorem 3.11), which is
given in Section 5.
3.3 Second Mechanism
Next we describe mechanism 2, which is an extension of the polyhedral clinching auction to
two-sided markets. First we make the same preprocessing as in mechanism 1 by adding virtual
buyers.
After the preprocessing, we apply Algorithm 2, which is a two-sided version of the polyhedral
clinching auction. The variables ci, di, l and the parameter ε are the same as in Algorithm 1.
Suppose that ε satisfies Assumption 3.2. The meaning of variables ξij , wij , pi, rj is explained as
follows:
• ξij is the increase of transactions between buyer i and seller j in the current iteration.
• wij is the total amount of transaction between buyer i and seller j. Transaction vector
(wij)ij∈E must belong to the polymatroid P (defined in (13)).
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Algorithm 2 Polyhedral Clinching Auction for Two-Sided Market
1: pi := 0, ci := 0, di :=∞ (i ∈ N) and l := 1.
2: rj := 0 (j ∈M) and wij := 0 (ij ∈ E).
3: while di 6= 0 for some i ∈ N do
4: for i = 1, 2, . . . , n+m do
5: Clinch a maximal increase (ξij)ij∈Ei not affecting other buyers.
6: wij := wij + ξij (ij ∈ Ei).
7: pi := pi + ciξ(Ei).
8: di :=
{
(Bi − pi)/ci if ci < v′i,
0 otherwise.
9: end for
10: rj := rj +
∑
ij∈Ej
ciξij (j ∈M).
11: cl := cl + ε.
12: l := l + 1 mod m+ n.
13: dl :=
{
(Bl − pl)/cl if cl < v′l,
0 otherwise.
14: end while
• pi is the payment of buyer i.
• rj is the revenue of seller j.
Algorithm 2 terminates when di = 0 for all buyers i, and outputs (w, p, r) at this moment.
The allocation (w, p, r) obtained by Algorithm 2 includes that for virtual buyers. Applying
the same transformation as in mechanism 1, we obtain the allocation (w, p, r) for the original
market.
Again we explain the details of “not affecting other buyers” in line 5. For transaction vector
w and demand vector d := (di)i∈N , define the remnant supply polytope Pw,d by
Pw,d := {x ∈ RE+ | w + x ∈ P, x(Ei) ≤ di (i ∈ N)}. (19)
In addition, for ξ := (ξij)ij∈Ei ∈ REi+ , define the remnant supply polytope P iw,d(ξ) of remaining
buyers N − i by
P iw,d(ξ) := {u ∈ RN−i+ | ∃x ∈ Pw,d, x|Ei = ξ, x(Ek) = uk (k ∈ N − i)}. (20)
The first polytope Pw,d ⊆ P represents the feasible increases of transactions under w and d,
and the second polytope P iw,d(ξ) ⊆ RN−i+ represents the possible amounts of goods that buyers
except i can get in the future, provided i got ξ ∈ REi+ in this iteration. Then the condition for
clinching ξ := (ξij)ij∈Ei not to affect other buyers is naturally written as P iw,d(ξ) = P
i
w,d(0).
This motivates to define the polytope P iw,d by
P iw,d := {ξ ∈ REi+ | P iw,d(ξ) = P iw,d(0)}, (21)
which we call the clinching polytope of buyer i. A clinching vector (ξij)ij∈Ei in line 5 is chosen as
a maximal vector in the clinching polytope P iw,d. The following theorem says that this clinching
step can be done in polynomial time.
Theorem 3.6. The clinching polytope P iw,d is a polymatroid, and the value of the corresponding
submodular function can be computed in polynomial time. In particular, by the greedy algorithm,
a maximal vector of P iw,d can be computed in polynomial time.
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This implies that our mechanism is implementable in practice. The proof of Theorem 3.6 is
given in Section 5.1.
We analyze mechanism 2. First we show (SBB) for our mechanism. In line 10 of Algorithm
2, the total payment of buyers (including virtual buyers) is directly given to sellers in each
iteration. Also, in the transformation of the allocation, both the total payment and the total
revenue are subtracted by the total payment of virtual buyers. Thus we have:
Lemma 3.7. Mechanism 2 satisfies (SBB).
For the individual rationality of sellers (IRs), we will prove in Section 5.1 that each seller j
and nonvirtual buyer i transact only when the price clock ci is at least valuation ρj and virtual
buyer n + j vanishes, i.e., dn+j = 0. Consequently the goods of j are sold at price at least ρj ,
and we obtain (IRs); see (4).
Proposition 3.8. Mechanism 2 satisfies (IRs).
The proof is given in Section 5.1. Next we consider other properties (ICb),(IRb), and (PO)
in Theorem 2.1. We utilize the following theorem on the relationship between mechanism 1 and
mechanism 2.
Theorem 3.9. Suppose that ε is the same in both Algorithms. At the end of algorithm, (y, pi)
in Algorithm 1 is equal to ((w(Ei))i∈N , p) in Algorithm 2.
The proof of Theorem 3.9 is given in Section 5.2. Therefore in mechanism 2, the utility of
buyers is the same as that in the reduced one-sided market. By this fact and Theorem 3.3 we
have:
Corollary 3.10. Mechanism 2 satisfies (ICb) and (IRb).
We now show Lemma 3.4 in mechanism 1.
Proof of Lemma 3.4. We verify that the revenue vector r obtained by Algorithm 2 satisfies
(17)(=(IRs)) and (18)(=(SBB)) for mechanism 1. By Theorem 3.9, the payment vectors of
buyers in both algorithms are the same. Therefore (18) follows from Lemma 3.7. Also, by
Theorem 3.9, the amounts of unsold goods, which are the amounts of goods obtained by virtual
buyers, in both algorithms are the same. Hence (IRs) for mechanism 2 (Proposition 3.8) implies
(17) = (IRs) for mechanism 1.
Goel et al. [14] proved (PO) for Algorithm 1. We combine Theorem 3.4 with their proof
method and careful considerations on utilities of sellers, and prove (PO) for mechanism 2:
Theorem 3.11. Our mechanism satisfies (PO).
The proof is given in Section 5.3.
Remark 2 (Concave Budget Constraint). Our model and mechanisms naturally incorporate
concave budget constraints, i.e., utility ui of each buyer i is given by
ui(A) :=
{
viw(Ei)− pi if pi ≤ φi(w(Ei)),
−∞ otherwise,
where φi : R+ → R+ is a concave non-decreasing function with φi(0) = 0. In the case of
the usual budget constraint, φi is defined by φi(0) := 0 and φi(x) := Bi for x > 0. Concave
budget constraint was considered by Goel et al. [13] for one-sided markets. They showed that
the polyhedral clinching auction can be generalized to this setting. By using their idea, our
mechanisms can also be adapted to have the same conclusion in Theorem 2.1.
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Figure 2: A two-sided market (left) and the reduced one-sided market (right)
The adaptation is given as follows. Each buyer reports the region {(pi, zi) | pi ≤ φi(zi)} to
the auctioneer, and the budget feasibility is replaced by pi ≤ φi(w(Ei)). Assume, as in Goel et
al. [13], that the interval ε of price clocks divides βi := limx→0 φi(x)/x for each i. The function
φi for a virtual buyer i ∈ N is defined by φi(zi) := 0 if zi = 0 and ∞ otherwise. The demand
di is defined by
di :=
{
max{zi | pii + cizi ≤ φi(yi + zi)} if ci < v′i,
0 otherwise.
In mechanism 2, we use w(Ei) instead of yi, and pi instead of pii. In Section 5, we give every
proof for the setting with concave budget constraints.
3.4 Example
Here we demonstrate the behavior of the mechanisms for a small two-sided market consisting
of two buyers 1, 2 and two sellers 1, 2. Each seller j has sj units of goods, and can transact
with both buyers 1, 2 freely. Namely the market is represented as a complete bipartite graph
(N,M,E) with N = {1, 2}, M = {1, 2} and E = N × M , and the polymatroid constraint
Pj (j = 1, 2) is given by the stock constraint w1j + w2j ≤ sj , w1j ≥ 0, and w2j ≥ 0; the
corresponding submodular function fj is given by fj(F ) := sj if F 6= ∅ and fj(∅) := 0. Suppose
that buyer i has budget Bi and bid v
′
i = vi, and seller j has reserved price ρj .
The both mechanisms 1 and 2 first apply the preprocessing. Add virtual buyers 3, 4 to N ,
where 3 and 4 are adjacent only to sellers 1 and 2, respectively. Their bids and budgets are
defined by v3 := ρ1, v4 := ρ2, and B3 = B4 :=∞. According to (12), the polymatroid constraint
Pj (j = 1, 2) is extended to
w1j + w2j + w(j+2)j ≤ sj ,
w1j , w2j , w(j+2)j ≥ 0.
Then the whole polymatroid P = P1 ⊕ P2 is obtained by the union of these inequalities for
j = 1, 2. See the left of Figure 2.
We first consider mechanism 2. In some iteration of the mechanism, suppose that the
transaction and demand vectors are given by w and d, respectively. Let s˜j denote the current
stock of the goods of seller j, i.e., s˜j := sj − w1j − w2j − w(j+2)j . Then the remnant supply
polytope Pw,d is given by
x1j + x2j + x(j+2)j ≤ s˜j (j = 1, 2),
xi1 + xi2 ≤ di (i = 1, 2),
x(j+2)j ≤ dj+2 (j = 1, 2),
xij ≥ 0 (ij ∈ E).
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We say that virtual buyer j + 2 exists if dj+2 =∞ and vanishes if dj+2 = 0. For j ∈ {1, 2}, let
ej ∈ {0, 1} be defined by ej := 1 if j + 2 exists and ej := 0 otherwise. Also let e¯j := 1− ej . For
i ∈ {1, 2}, let i′ denote the companion of i, i.e., {1, 2} = {i, i′}. For nonvirtual buyer i ∈ {1, 2}
and ξ ∈ REi+ , the remnant supply polytope P iw,d(ξ) of remaining buyers {i′, 3, 4} is given by
ui′ + u3 + u4 ≤ s˜1 + s˜2 − ξi1 − ξi2,
ui′ ≤ di′ , u3 ≤ (s˜1 − ξi1)e1, u4 ≤ (s˜2 − ξi2)e2,
ui′ , u3, u4 ≥ 0
if ξi1 + ξi2 ≤ di, and P iw,d(ξ) = ∅ otherwise. For virtual buyer j + 2 with j ∈ {1, 2} (if it exists)
and ξ = ξ(j+2)2 ≥ 0, the polytope P j+2w,d (ξ) is given by
u1 + u2 + uj′+2 ≤ s˜1 + s˜2 − ξ(j+2)j ,
u1 ≤ d1, u2 ≤ d2, uj′+2 ≤ s˜j′ej′ ,
u1, u2, uj′+2 ≥ 0
if ξ(j+2)j ≤ s˜j , and P j+2w,d (ξ) = ∅ otherwise. By elementary calculation, we can determine
clinching polytopes P iw,d (i = 1, 2, 3, 4) as follows.
• For nonvirtual buyer i ∈ {1, 2}, the clinching polytope P iw,d is given by:
ξi1 + ξi2 ≤ min{di,max{s˜1e¯1 + s˜2e¯2 − di′ , 0}},
0 ≤ ξi1 ≤ s˜1e¯1, 0 ≤ ξi2 ≤ s˜2e¯2.
• For virtual buyer j + 2 with j ∈ {1, 2}, the clinching polytope P j+2w,d is given by
0 ≤ ξ(j+2)j ≤ max{s˜j + s˜j′ e¯j′ − d1 − d2, 0}.
If virtual buyer j+2 exists, then any nonvirtual buyer cannot transact with j, i.e., ξij = 0, since
this will interrupt j+2 who has infinite demand. After virtual buyers vanish, buyer i can clinch
surplus s˜1 + s˜2 − di′ which exceeds the demand of the competitor i′. Here maximal clinching
vectors forms the segment between (min{s˜1, c}, c−min{s˜1, c}) and (c−min{s˜2, c},min{s˜2, c}),
where c := min{di,max{s˜1 + s˜2 − di′ , 0}}. The clinch by virtual buyer j + 2 can be understood
as taking back the goods of j exceeding the limit that nonvirtual buyers can buy.
The auction proceeds as follows. In earlier iterations where a virtual buyer j + 2 exists,
nonvirtual buyers cannot purchase the good of j. Also virtual buyer j + 2 may clinch to take
back the goods of j which is guaranteed to be unsold. The virtual buyer j+ 2 will vanish when
the price clock cj reaches at the reserved price ρj of j (= bid vj+2 of j + 2). Consequently the
good of j will be sold at price at least ρj . In this way, virtual buyers increase the prices of
the goods to reserved prices, and take back the unsold goods, until their vanishing. After that,
nonvirtual buyer i clinches surplus s˜1 + s˜2 − di′ exceeding the potential of competitor i′. Thus
the total sum of demands d1 + d2 + d3 + d4 keeps at least the current stock s˜1 + s˜2. Prices are
increasing, and demands are decreasing. Finally all demands are zero, and the stocks are zero,
i.e., all goods are sold. The auction terminates.
Table 1 shows the behavior of mechanism 2 for this market with setting v1 = 3, B1 = 12,
v2 = 3, B2 = 11, ρ1 = 1, s1 = 7, ρ2 = 1, and s2 = 8. In the first four iterations, nonvirtual
buyers cannot clinch (i.e., ξij = 0), since price clocks are less than reserved prices of sellers, i.e.,
virtual buyers exist. Also no taking back by virtual buyers occurs; hence clinching vectors ξ31
and ξ42 are omitted in the table. The first clinching occurs in the 5th iteration (l = 5). The
clinching polytope P 1w,d for buyer 1 is given by ξ11 + ξ12 ≤ min{12,max{7 + 8 − 11, 0}} = 4,
ξ12 ≤ 8, and ξ12 ≤ 7. The maximal clinching vectors form the segment between (4, 0) and (0, 4).
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Table 1: behavior of mechanism 2
buyer 1 buyer 2 seller 1 seller 2
B1 = 12, v1 = 3 B2 = 11, v2 = 3 ρ1 = 1, s1 = 7 ρ2 = 1, s2 = 8
l c1 d1 ξ11 ξ12 c2 d2 ξ21 ξ22 s˜1 ∆r1 c3 s˜2 ∆r2 c4
1 0 ∞ 0 ∞ 7 0 8 0
2 1 12 0 ∞ 7 0 8 0
3 1 12 1 11 7 0 8 0
4 1 12 1 11 7 1 8 0
5 1 12, 8 2 2 1 11 3/2 3/2 7, 5 7/2 1 8, 6 7/2 1
6 2 4 1 8 7/4 9/4 7/2 7/4 1 9/2 9/4 1
7 2 4, 2 7/8 9/8 2 2 7/4, 7/8 7/4 1 9/4, 9/8 9/4 1
8 2 2 2 2 7/8 2 9/8 1
9 2 2 2 2 7/8 2 9/8 2
10 3 0 2 2 7/8 9/8 7/8 7/4 2 9/8 9/4 2
obtained goods: 6 obtained goods: 9 unsold goods: 0 unsold goods: 0
payment: 8 payment: 11 revenue: 8.75 revenue: 10.25
utility: 10 utility: 16 utility: 8.75 utility: 10.25
Here the midpoint (2, 2) is chosen as a clinching vector (ξ11, ξ12); this midpoint clinching rule
is used in the sequel. Buyer 1 pays 2 to both sellers 1 and 2. The demand d1 of buyer 1 is
updated to 8. The stocks of sellers 1 and 2 are updated to 5 and 6, respectively. The next is
the turn of buyer 2, who also clinches (ξ21, ξ22) = (3/2, 3/2). In this iteration, sellers 1 and 2
obtain revenues ∆r1 = ∆r2 = 7/2. The auction proceeds in this way. The result is given in the
bottom of the table.
Next we consider mechanism 1. The reduced one-sided market is obtained as follows. See
the right of Figure 2. The aggregated polymatroid P˜ is given by
y1 + y2 + y3 + y4 ≤ s1 + s2,
y3 ≤ s1, y4 ≤ s2,
y1, y2, y3, y4 ≥ 0.
Given a transaction y and demand d, the remnant supply polytope P˜y,d is given by
z1 + z2 + z3 + z4 ≤ s′,
z1 ≤ d1, z2 ≤ d2, z3 ≤ s′1e1, z4 ≤ s′2e2
z1, z2, z3, z4 ≥ 0,
where s′ := s1 +s2−y1−y2−y3−y4 and s′j := sj−yj+2 for j = 1, 2. Via P˜ iy,d(ζ), the maximum
clinch ζi is computed as follows:
• ζi = min{di,max{s′ − s′1e1 − s′2e2 − di′ , 0}} for i = 1, 2.
• ζj+2 = min{s′j ,max{s′ − s′j′ej′ − d1 − d2, 0}} for j = 1, 2.
Then the auction proceeds as follows. Buyer 1 obtains 4 units of goods at l = 5, and 2 units
at l = 7. The total is 6 and the payment is 8. Buyer 2 obtains 3 units at l = 5, 4 units at
l = 6, and 2 units at l = 10. No clinching by virtual buyers occur. For each buyer, the obtained
goods and the payment are the same as that in mechanism 2, as Theorem 3.9 says. In fact,
a stronger property holds: they are the same at each iteration, i.e., ζi = ξi1 + ξi2 holds. This
property is generally true, which will be shown in Corollary 5.4 and Theorems 5.6 and 5.7. After
the auction, transaction (wij) is recovered so that it satisfies w11 + w12 = 6, w21 + w22 = 9,
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w11 +w21 = 7, and w12 +w22 = 8. One example is (w11, w12, w21, w22) = (3, 3, 5, 4). The whole
revenue of the market is 19, which is distributed to sellers 1, 2 so as to satisfy (17) and (18),
i.e., r1 + r2 = 19, r1 ≥ 7, and r2 ≥ 8. One possible distribution is (r1, r2) = (9, 10), i.e., both
sellers have net profit 2.
4 Discussion
In this paper, we presented the first generic framework (model and mechanisms) for auctions in
two-sided markets under budget constraints. We think that our framework will be a springboard
toward algorithmic mechanism design on two-sided markets. Here we discuss issues of our
framework, and raise future research directions.
Our model assumes, for avoiding the impossibility theorem, that all sellers are truthful. This
results in that our framework has a strong priority on buyers. Indeed, as shown in Theorem 3.9,
our mechanisms yield the same output for buyers as the original polyhedral clinching auction
applied to the reduced one-sided market. From this point, our mechanisms are acceptable to
the buyer side. Therefore our mechanisms should be discussed from the seller side. For sellers,
we consider only the minimum requirement (IRs), and do not take into account which sellers
should obtain more revenue than others. The total revenue can be much greater than the total
sum of the guaranteed minimum revenues of sellers. Thus, how the surplus is shared to sellers
is one of central issues.
Mechanism 1 aggregates sellers into one seller at first. This makes the auction simple but
loses the correspondence between goods and sellers. In particular, when a buyer i clinches an
amount ζi of the goods at price ci, the resulting revenue ciζi is not distributed at this moment.
In the last recovery step, the total revenue is distributed to sellers so that only (IRs) and
(SBB) are satisfied. This can cause some unfairness. In the example in Section 3.4, the revenue
sharing (r1, r2) = (7, 12) or (11, 8) is possible, which is apparently unfair since the two sellers
have almost the same characteristics.
Another type of unfairness occurs in the following extreme example. The market consists
of two buyers 1, 2 and two sellers 1, 2, where both sellers have one unit of divisible goods
(s1 = s2 = 1) and zero reserved price (ρ1 = ρ2 = 0). The buyer 1 has budget B1 = 1 and
bid v′1 = 2, and wants the goods of both sellers, The buyer 2 has infinite budget B2 = ∞ and
bid v′2 = 1, and wants the goods of seller 2 only. In particular the goods of seller 2 are more
competitive than that of 1. The market is depicted in Figure 3. Apply Algorithm 1 with ε = 1;
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Figure 3: Seller 2 should obtain more revenue than seller 1.
no virtual buyer exists by ρ1 = ρ2 = 0. At the first iteration, buyer 1 clinches 1 unit at price 0,
and also clinches 1 unit at price 1 when buyer 2 drops out from the auction, i.e., the price clock of
buyer 2 reaches his bid. Then all the goods are sold. By (17) and (18), the revenue is distributed
arbitrarily so that it satisfies r1 ≥ 0, r2 ≥ 0, r1 + r2 = 1. In particular, (r1, r2) = (1, 0) can be
chosen. However this revenue sharing opposes to our intuition that sellers who sold competitive
goods should gain more revenue. Seller 2 obtains no revenue, though his goods are competitive;
it is wanted by both buyers. On the other hand, seller 1 obtains revenue 1 but his goods were
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sold by buyer 1 without competition. This example suggests that we should consider further
constraints in the last recovery step so that the resulting sharing is “fair.” However we found it
rather difficult to formalize the fairness mathematically. Such a concept should be defined only
from the available information at this step, e.g., network structure (N,M,E) and the recovered
transaction w (possibly not unique). This is a highly nontrivial problem, and should be left to
future work.
Mechanism 2 is free from this annoying revenue sharing procedure. Indeed, actual trans-
actions, prices, and revenues are opened and dynamically determined through iterations of the
auction. Contrary to mechanism 1, the revenue obtained in each clinching is shared at this
moment. Clearly sellers who sold their goods in high prices obtain more revenue. This is
reasonable for all players in the auction. Also we think that mechanism 2 takes into account
the competitiveness of goods by the following reason. Suppose that a buyer has a link to a
competitive seller. Then the transaction on this link is influential to others, and hence it is
hard for the buyer to clinch a large amount of the goods through this link. This consequently
makes competitive goods sold in high prices, since the price increases through the auction. If
mechanism 2 is applied to the above example, the resulting revenue of sellers is (r1, r2) = (0, 1),
which is consistent with our intuition. From this point, we can say that mechanism 2 is superior
to mechanism 1.
The main issue of mechanism 2 is the choice of maximal clinching vectors and its affect on
the revenue of sellers. The clinching polytope is a polymatroid, and a maximal clinching vector
is efficiently obtained (Theorem 3.6) but it is not unique in general. The choice of a maximal
clinching vector is directly related to the revenues of sellers. Indeed, nontrivial clinching occurs
after virtual buyers vanish, and the prices are monotonically increasing in the auction. This
means that sellers obtain more revenue if his goods are sold in latter iterations. In the example
of Section 3.4, we used the midpoint point clinching rule. We can change the clinching rule
as: (i) each buyer i chooses the clinching vector with the maximum ξi1 and (ii) each buyer i
chooses the clinching vector with the maximum ξi2. Then the revenue vector (r1, r2) changes
from (8.75, 10.25) to (7, 12) for (i) and to (11, 8) for (ii). Namely, by the choice of clinching
vectors, mechanism 2 can yield the unfair revenue sharing (7, 12) and (11, 8).
Therefore we should consider a “fair” rule of choosing a maximal clinching vector. One
practically reasonable way is to choose a random ordering of sellers (linked to a buyer doing
clinch) and to run the greedy algorithm according to the ordering. Another natural way is to
choose a kind of “center” in the polytope (base polytope) of maximal vectors of the clinching
polytope. Natural candidates are the Shapley vector and a vector obtained by solving the
resource allocation problem with an appropriate objective function. The former is NP-hard to
be computed, and the latter is efficiently obtained via nonlinear optimization technique over
polymatroids [10, Chapter V]. However we do not know any theoretical guarantee for these ways
of clinching, even we did not formulate appropriate mathematical concepts (beyond (IRs)) that
represent the fairness for sellers and that should be guaranteed.
Formalizing such a fairness concept may be an unavoidable theme for two-sided models.
One possible approach is the α-envy freeness introduced by Goel et al. [11], which is explained
as follows. In the usual situation of auction, each seller j obtains revenue via buying events
involving j. Here let Ej denote the set of buying events involving j. Then the revenue sharing
of a mechanism is said to be α-envy-free (α ≤ 1) if for any pair of sellers j, j′, the revenue of j
(obtained at Ej) is at least α times the (scaled) revenue of j′ obtained at Ej′ ∩ Ej . The 1-envy
free situation achieves an ideal fair sharing in the sense that every seller j does not envy any
other seller for his revenue obtained in events that j participates. In mechanism 2, a buying
event is precisely the clinch of some buyer i at some iteration l. Namely Ej is the set of all
pairs (i, l) of buyers i ∈ Ej and positive integers l. Let rj(i, l) denote the revenue of seller i
obtained at the clinch of buyer i in iteration l. Then the α-envy freeness in mechanism 2 can
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be formulated: For any pair of sellers j, j′, it holds
rj =
∑
(i,l)∈Ej
rj(i, l) ≥ αmin
(
1,
fj(Ej)
fj′(Ej′,j)
) ∑
(i,l)∈Ej∩Ej′
rj′(i, l),
where Ej′,j ⊆ Ej′ denote the set of edges in Ej′ incident to buyers transacting with j, and
min(1, fj(Ej)/fj′(Ej′,j)) means a scaling factor adjusting the difference of supplies of j, j
′
(viewed from j). For the instance in Section 3.4, the midpoint clinching rule gives 0.896-envy
free sharing, whereas the rules (i) and (ii) give 0.666- and 0.727-envy free sharing, respectively.
It fits our intuition that the midpoint rule is fair. A further analysis of our mechanism 2 and
developing fair clinching rules by means of the envy-freeness deserve interesting future research.
Finally we mention some of remaining issues and future research directions.
• Our mechanisms terminate when all buyers have no demand. The required number of
iterations is obviously bounded by
∑
i∈Ndv′i/εe. In the computational complexity point of
view, our mechanisms are not polynomial time algorithms, though each iteration can be
done in polynomial time (Theorem 3.6). This is already the case for one-sided clinching-
type mechanisms [5, 14]. Acceleration of these mechanisms has not been studied so far.
It would be interesting to improve clinching-type mechanisms to terminate in polynomial
number of iterations.
• In this paper, we dealt with divisible goods. We do not know whether our framework
and results can be extended to auctions with indivisible goods. Even if each fj (j ∈ M)
is integer-valued, fw,d is not necessarily integer-valued. This prevents our mechanisms
from dealing with indivisible goods. Notice that this is already the case for the original
polyhedral clinching auction. To extend our framework for indivisible goods, the following
work may be instrumental: Fiat et al. [8] presented a mechanism enjoying (IC), (IR), and
(PO) for one-sided markets, where the seller has several kinds of goods and one indivisible
unit for each goods. Colini-Baldeschi et al. [4] extended it to the multiple unit case. Goel
et al. [11] addressed two-sided markets with indivisible goods and presented a clinching-
type mechanism, though buyers are non-budgeted.
• It would be interesting to study further generalizations of our framework. For example,
suppose that each buyer has a preference on sellers. In this situation, our mechanism 2
can naturally incorporate the preference. Indeed, each buyer can clinch a maximal vector
according to the greedy algorithm using the ordering of his preference. Adding polyma-
troid constraints to both buyers and sellers is also a natural generalization to which the
polymatroidal-flow approach could be applicable. Although extending polymatroid con-
straints to general polyhedral constraints can cause an impossibility theorem (already for
one-sided markets) [14], several nice classes of polyhedra generalizing polymatroids are
known in the literature of combinatorial optimization. Bisubmodular polyhedra are such a
generalization of polymatroids; see [10, Section 3.5]. This polyhedron shares several nice
common features with polymatroid, such as greedy algorithm and several polynomial-time
operations. It may be interesting to explore the power of bisubmodular polyhedra for the
design of auctions and mechanisms.
5 Proofs
In this section, we give proofs of claimed results in Section 3. In the market (N,M,E), for node
subset Z, let EZ denote the set of edges incident to nodes in Z. For edge subset F , let NF
denote the set of buyers incident to F .
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Figure 4: The polymatroidal network N
5.1 Proof of Theorem 3.6 and Proposition 3.8
Let d be the demand vector, and w the transaction vector in line 4 in the current iteration. We
start to study polytopes Pw,d, P
i
w,d(ξ), and P
i
w,d from the viewpoint of polymatroidal network
flow. For each seller j, define polytope Pj,w ⊆ REj+ by
Pj,w := {x ∈ REj+ | w|Ej + x ∈ Pj}.
Since Pj,w is a contraction of Pj (see; e.g. Fujishige [10, Section 3.1]), Pj,w is a polymatroid,
and the corresponding submodular function fj,w : 2
Ej → R+ is given by
fj,w(F ) := min
F ′⊇F
{fj(F ′)− w(F ′)} (F ⊆ Ej).
This fact is also observed from (i) x(F ′) ≤ fj(F ′) − w(F ′) implies x(F ) ≤ fj(F ′) − w(F ′) for
F ⊆ F ′ by the nonnegativity of x, (ii) fj(F ′)−w(F ′) ≥ 0 since w is a feasible transaction, and
(iii) if fj,w(F ) = fj(F
′)− w(F ′) and fj,w(G) = fj(G′)− w(G′), then
fj,w(F ) + fj,w(G)
= fj(F
′)− w(F ′) + fj(G′)− w(G′)
≥ fj(F ′ ∩G′)− w(F ′ ∩G′) + fj(F ′ ∪G′)− w(F ′ ∪G′)
≥ fj,w(F ∩G) + fj,w(F ∪G). (22)
We also define f, fw : 2
E → R+ by
f(F ) :=
∑
j∈M
fj(Ej ∩ F ) (F ⊆ E),
fw(F ) := min
F ′⊇F
{f(F ′)− w(F ′)} =
∑
j∈M
fj,w(Ej ∩ F ) (F ⊆ E).
Note that both f and fw are monotone submodular. In particular, f corresponds to the poly-
matroid P (by a theorem in McDiarmid [18]).
Let us construct a polymatroidal network from the market (N,M,E), demand d, and poly-
matroids Pj,w for each j ∈M ; see Figure 4. Each edge in E is directed from N to M . For each
buyer i, consider copy i′ of i and (directed) edge i′i. The set of the copies of X ⊆ N is denoted
by X ′. Add source node s and edge si′ for each i′ ∈ N ′. Also, add sink node t and edge jt for
each j ∈M . Edge-capacity c is defined by
c(e) :=
{
di if e = i
′i for i ∈ N,
∞ otherwise. (23)
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Two polymatroids of each node are defined as follows. For j ∈M , the polymatroid on δ−j = Ej
is defined as Pj,w, and the other polymatroid on δ
+
j is defined by the capacity (23) as in (10).
Two polymatroids of other nodes are defined by the capacity. Let N denote the resulting
polymatroidal network.
Now the remnant supply polytope Pw,d is written by using flows in N :
Pw,d = {x ∈ RE+ | ∃ϕ : flow in N , x = ϕ|E}.
In the proof, the following function fw,d : 2
E → R+ plays a key role
fw,d(F ) := max
x∈Pw,d
x(F ) = max
ϕ: flow inN
ϕ(F ) (F ⊆ E). (24)
Then we obtain the following:
Theorem 5.1. For F ⊆ E, it holds
fw,d(F ) = min
X⊆NF
{fw(EX ∩ F ) + d(NF \X)}, (25)
and fw,d(F ) can be computed in polynomial time, provided the value oracle of each fj is available.
Proof. We modify N so that fw,d(F ) is equal to the maximum flow value. Change the capacity
of each e ∈ E \ F to 0. Also, for each i ∈ N \ NF , change c(i′i) to 0. Then the maximum
flow value is equal to fw,d(F ). By Theorem 3.1, the value fw,d(F ) is equal to (11). Observe
that subset U attaining the minimum can take a form of (N ′ ∪X) + s for X ⊆ NF . Then the
set δ+U of edges leaving U is equal to {i′i | i ∈ NF \ X} ∪ EX . In a partition {A,B} of δ+U
attaining minimum, edge i′i contributes di in both cases of i′i ∈ A and i′i ∈ B. Each edge e in
EX ∩ F must be in A (by c(e) =∞), and each edge e in EX \ F can be in B (by c(e) = 0 and
monotonicity of fw). Thus we have (25).
In the modified network N , fw,d(F ) can be computed by solving a maximum polymatroidal
flow problem. There are several polynomial time algorithms for this problem; see Fujishige [10,
Section 5.5].
Let ξ ∈ REi+ . We consider the remnant supply polytope P iw,d(ξ) of remaining buyers except
i and the clinching polytope P iw,d of i; see (20) and (21) for definition. Define h
i
ξ : 2
N−i → R+
and hiw,d : 2
Ei → R+ by
hiξ(Y ) := min
F⊆Ei
{fw,d(EY ∪ F )− ξ(F )} (Y ⊆ N − i), (26)
hiw,d(F ) := fw,d(EN−i ∪ F )− fw,d(EN−i) (F ⊆ Ei).
Our goal is to show the following:
Theorem 5.2. (i) P iw,d(ξ) is nonempty if and only if h
i
ξ is nonnegative valued; in this case,
hiξ is monotone submodular on N−i, and P iw,d(ξ) coincides with the polymatroid associated
with hiξ.
(ii) hiw,d is monotone submodular on Ei, and P
i
w,d coincides with the polymatroid associated
with hiw,d.
Theorem 3.6 is an immediate consequence of Theorems 5.1 and 5.2 (ii).
Proof. (i). We utilize the polymatroidal network N . Then u ∈ P iw,d(ξ) if and only if there
exists a flow ϕ in N such that ϕ(ij) = ξij for ij ∈ Ei, ϕ(i′i) = ξ(Ei) ≤ di, and ϕ(sk′) = uk for
k ∈ N − i. By modifying N , we give an equivalent condition as follows. Replace ij ∈ Ei by sj
with capacity ξij , change capacity c(sk
′) of sk′ to uk for k ∈ N − i, and delete nodes i′ and i.
By ξ(Ei) ≤ di and Theorem 3.1, the above condition for u ∈ P iw,d(ξ) can be written as:
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• The maximum flow value is equal to ξ(Ei) + u(N − i), or equivalently, U = {s} and
(A,B) = (∅, δ+s ) attain the minimum of (11).
In the minimum of (11), it suffices to consider U of form U = (Y ′ ∪ Z) + s for Z ⊆ Y ⊆ N − i.
(If k ∈ U 63 k′, then we can remove k from U without increasing the cut value.) Then the set
δ+U of edges leaving U is equal to Ei ∪ {sk′ | k ∈ N \ (Y + i)} ∪ {k′k | k ∈ Y \ Z} ∪ EZ . In any
partition {A,B} of δ+U , edge sk′ contributes uk, and k′k contributes dk. It must hold EZ ⊆ A.
Thus it suffices to consider a partition {F,Ei \ F} of Ei. Then u ∈ P iw,d(ξ) if and only if
ξ(Ei) + u(N − i) ≤ fw(EZ ∪ F ) + ξ(Ei \ F ) + u((N − i) \ Y ) + d(Y \ Z)
for F ⊆ Ei and Z ⊆ Y ⊆ N − i. This is further equivalent to
u(Y ) ≤ min
Z⊆Y,F⊆Ei
{fw(EZ ∪ F ) + d(Y \ Z)− ξ(F )} (Y ⊆ N − i). (27)
In particular, P iw,d(ξ) is nonempty if and only if the right hand side of (27) is nonnegative.
Define h˜iξ : 2
N−i → R+ by the right hand side of (27). It suffices to show that h˜iξ is equal to hiξ,
and is monotone submodular if it is nonnegative valued.
We first show hiξ(Y ) = h˜
i
ξ(Y ) for Y ⊆ N − i. By substituting the formula (25) of fw,d for
the definition (26) of hiξ, we obtain
hiξ(Y ) = min
F⊆Ei
{ min
Z′⊆NEY ∪F
{fw(EZ′ ∩ (EY ∪ F )) + d(NEY ∪F \ Z ′)} − ξ(F )}. (28)
Observe that
NEY ∪F =
{
Y + i if F 6= ∅,
Y if F = ∅.
Therefore the minimum in (28) is taken over (F,Z ′) with ∅ 6= F ⊆ Ei, Z ′ ⊆ Y + i and over
(F,Z ′) with F = ∅, Z ′ ⊆ Y . Notice that if F = ∅, then Z ′ and Z ′ − i have the same value
in (28). Thus hiξ is also written as
hiξ(Y ) = min
Z′⊆Y+i, F⊆Ei
{fw(EZ′ ∩ (EY ∪ F )) + d(NEY ∪F \ Z ′)− ξ(F )}. (29)
We consider the minimum of (29) over all Z ′ ⊆ Y and over all Z ′ = Z + i with Z ⊆ Y . The
first minimum α is equal to
min
Z′⊆Y, F⊆Ei
{fw(EZ′) + d(NEY ∪F \ Z ′)− ξ(F )}
= min
Z′⊆Y, F⊆Ei
{fw(EZ′) + d(Y \ Z ′) + d(NF )− ξ(F )}
= min
Z′⊆Y
{fw(EZ′) + d(Y \ Z ′)},
where F = ∅ attains the minimum since di ≥ ξ(F ). The second minimum β is equal to
min
Z⊆Y, F⊆Ei
{fw(EZ+i ∩ (EY ∪ F )) + d(NEY ∪F \ (Z + i))− ξ(F )}
= min
Z⊆Y, F⊆Ei
{fw(EZ ∪ F ) + d(Y \ Z)− ξ(F )}
= h˜iξ(Y )
Observe that α ≥ β (since the first is the special case of F = ∅ in the second). Thus hiξ(Y ) =
min{α, β} = β = h˜iξ(Y ) as required.
Suppose that h˜iξ is nonnegative valued. Here h˜
i
ξ(Y ) is interpreted as the maximum value of a
flow from Y ′ to t in N with the transaction w replaced by w+ξ, where ξ is extended as ξ : E →
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R+ by ξ(e) := 0 for e ∈ E \Ei. Note that w+ξ is actually a feasible transaction by f(F )− (w+
ξ)(F ) ≥ fw(F )−ξ(F ) ≥ 0, where the last inequality follows from the nonnegativity of (27) (with
Y = ∅). Via Theorem 5.1, the maximum flow value is equal to minZ⊆Y {fw+ξ(EZ) + d(Y \Z)}.
Then, substitute fw+ξ(EZ) = minH⊇EZ{f(H)−w(H)− ξ(H)} = minH⊇H′⊇EZ{f(H)−w(H)−
ξ(H ′)} = minH′⊇EZ{fw(H ′) − ξ(H ′)} = minF⊆Ei{fw(EZ ∪ F ) − ξ(F )}, where we use ξ(H ′) =
ξ(Ei ∩H ′) and the monotonicity of fw. Namely h˜iξ is viewed as a network induction of fw [18],
and is necessarily monotone submodular; one can also see the submodularity directly by taking
minimizers of h˜iξ(X) and h˜
i
ξ(Y ) (as in (22))
(ii). By (i), we have P iw,d(ξ) = P
i
w,d(0) if and only if h
i
ξ(X) = h
i
0(X) for each X ⊆ N − i.
By the monotonicity of fw,d, the latter condition is equivalent to
(hiξ(X) :=) min
F⊆Ei
{fw,d(EX ∪ F )− ξ(F )} = fw,d(EX)(= hi0(X) ≥ 0) (X ⊆ N − i).
Notice that this condition also guarantees P iw,d(ξ) 6= ∅. Thus ξ ∈ REi+ belongs to P iw,d if and
only if it holds
ξ(F ) ≤ fw,d(EX ∪ F )− fw,d(EX) (30)
for each F ⊆ Ei and X ⊆ N − i. The latter condition is equivalent to
ξ(F ) ≤ min
X⊆N−i
{fw,d(EX ∪ F )− fw,d(EX)}
= min
X⊆N−i
{fw,d(EX+i \ (Ei \ F ))− fw,d(EX \ (Ei \ F ))} (X ⊆ N − i), (31)
where we use EX∪F = EX+i\(Ei\F ) and EX = EX \(Ei\F ) for X ⊆ N−i. By Lemma 5.3 (i)
shown below, the function
X 7→ fw,d(EX \ (Ei \ F )) =
{
fw,d(EX−i ∪ F ) if i ∈ X,
fw,d(EX) otherwise
is monotone submodular on N . By (1), the minimum in (31) is attained by X = N − i. Thus
we have
ξ(F ) ≤ fw,d(EN \ (Ei \ F ))− fw,d(EN−i \ (Ei \ F ))
= fw,d(EN−i ∪ F )− fw,d(EN−i) = hiw,d(F ),
The monotone submodularity of F 7→ fw,d(EN−i ∪ F ) is shown in the next lemma (Lemma
5.3 (ii)). This concludes that the clinching polytope P iw,d is the polymatroid associated with
hiw,d, as required.
Lemma 5.3. (i) For F ⊆ Ei, the function X 7→ fw,d(EX \ (Ei \F )) is monotone submodular
on N .
(ii) For X ⊆ N − i, the function G 7→ fw,d(EX ∪ G) − fw,d(EX) is monotone submodular
on Ei.
Note that fw,d is not necessarily submodular on E.
Proof. The monotonicity of both functions in (i) and (ii) is immediate from the monotonicity
of fw,d in (24). We show the submodularity.
(i) Let G := Ei\F . The submodularity of X 7→ fw,d(EX \G) can directly be shown by using
formula (25) and taking minimizers of fw,d(EX \G) and fw,d(EY \G) (as in (22)). Instead, we
consider a flow interpretation. Consider N , and remove all edges in G. Then fw,d(EX \ G) is
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equal to the maximum value of a flow from X ′ to t in the network. Thus X → fw,d(EX \G) is
a network induction of fw, and is submodular.
(ii) Let F,G ⊆ Ei. It suffices to consider the case where F 6⊆ G and G 6⊆ F . In particular,
both F and G are nonempty. Hence NEX∪F = NEX∪G = X + i. Consider minimizers Y
and Z, respectively, of fw,d(EX ∪ F ) and fw,d(EX ∪ G) in (25). Namely fw,d(EX ∪ F ) =
fw(EY ∩ (EX ∪ F )) + d((X + i) \ Y ) and fw,d(EX ∪G) = fw(EZ ∩ (EX ∪G)) + d((X + i) \Z).
Here Y,Z ⊆ X + i.
Case 1: Both Y and Z contain i. Notice that EY ∩ (EX ∪ F ) = EY−i ∪ F and the same holds
for Z. Then we have
fw,d(EX ∪ F ) + fw,d(EX ∪G)
= fw(EY−i ∪ F ) + d((X + i) \ Y ) + fw(EZ−i ∪G) + d((X + i) \ Z)
≥ fw((EY−i ∪ EZ−i) ∪ (F ∪G)) + d((X + i) \ (Y ∪ Z))
+ fw((EY−i ∩ EZ−i) ∪ (F ∩G)) + d((X + i) \ (Y ∩ Z))
= fw(E(Y ∪Z)−i ∪ (F ∪G)) + d((X + i) \ (Y ∪ Z))
+ fw(E(Y ∩Z)−i ∪ (F ∩G)) + d((X + i) \ (Y ∩ Z))
≥ fw,d(EX ∪ (F ∪G)) + fw,d(EX ∪ (F ∩G)).
Case 2: At least one of Y and Z does not contain i, say i 6∈ Z. By X + i = NEX∪G, we have
fw,d(EX ∪G) = min
Z⊆X
{fw(EZ ∩ (EX ∪G)) + d((X + i) \ Z)}
= min
Z⊆X
{fw(EZ) + d(X \ Z) + di} = fw,d(EX) + di.
Then we obtain
fw,d(EX ∪ F ) + fw,d(EX ∪G) = fw,d(EX ∪ F ) + fw,d(EX) + di
≥ fw,d(EX ∪ (F ∩G)) + fw,d(EX) + di
≥ fw,d(EX ∪ (F ∩G)) + fw,d(EX ∪ (F ∪G)),
where the first inequality follows from the monotonicity of fw,d and the second inequality follows
from fw,d(EX ∪ (F ∪ G)) ≤ fw,d(EX) + di, i.e., the total flow on EX ∪ (F ∪ G) is at most the
sum of the total flow on EX and capacity di of i
′i. This concludes that G 7→ fw,d(EX ∪ G) is
submodular.
By (30) in the proof of Theorem 5.2 (i) and Theorem 5.2 (ii), we obtain the following
corollary.
Corollary 5.4. Suppose that buyer i clinches ξ ∈ REi+ of goods.
(i) For F ⊆ Ei and X ⊆ N − i, it holds ξ(F ) ≤ fw,d(EX ∪ F )− fw,d(EX).
(ii) Buyer i gets ξ(Ei) = fw,d(E)− fw,d(E \ Ei) amount of goods.
Next we prove Proposition 3.8 = (IRs), which is an immediate consequence of the following.
Lemma 5.5. For each seller j, if cn+j < ρj, then wij = 0 for all ij ∈ Ej − (n+ j)j.
This means that the goods of each buyer j are sold by nonvirtual buyer at price at least ρj .
Therefore, after transforming the allocation of Algorithm 2 into the allocation without virtual
buyers, it holds rj ≥ ρjw(Ej). Then we obtain (IRs): uj(M(I)) = rj + ρj(fj(Ej) − w(Ej)) ≥
ρjfj(Ej).
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Proof. It suffices to show that if cn+j < ρj and w|Ej−(n+j)j = 0 then ξ|Ej−(n+j)j = 0; conse-
quently w|Ej−(n+j)j = 0 until cn+j = ρj . By Corollary 5.4 (i) for X = {n + j} and F = {ij}
with i 6= n+ j, the clinching vector ξ ∈ REi+ of buyer i satisfies
ξij ≤ fw,d({(n+ j)j} ∪ {ij})− fw,d({(n+ j)j}).
We show that the right hand side is zero. Now dn+j =∞ by cn+j < ρj . Hence in the formula (25)
of fw,d({(n+ j)j}∪ {ij}), the minimum is attained by X = {n+ j} or {i, n+ j}. Thus we have
fw,d({(n+ j)j} ∪ {ij}) = min{fw({(n+ j)j} ∪ {ij}), fw({(n+ j)j}) + di}. Moreover we have
fw({(n+ j)j} ∪ {ij}) = fw,j({(n+ j)j} ∪ {ij})
= min
F⊆Ej :ij,(n+j)j∈F
fj(F )− w(F )
= fj(Ej)− w(n+j)j ,
where we use wij = 0 for ij ∈ Ej − (n + j)j and the modification (12) of fj . Similarly
fw({(n+ j)j}) = fj(Ej)− w(n+j)j , and hence fw,d({(n+ j)j} ∪ {ij}) = fj(Ej)− w(n+j)j . Also
fw,d({(n+ j)j}) = fw({(n+ j)j}) = fj(Ej)− w(n+j)j . Thus we obtain ξij = 0.
5.2 Proof of Theorem 3.9
Here we give a proof of Theorem 3.9. Consider the transaction vector w ∈ RE+ and demand
vector d ∈ RN+ in an iteration of Algorithm 2. Then feasible transaction y : N → R+ for
the reduced market is naturally given by yi := w(Ei) (i ∈ N). We consider the behavior of
Algorithm 1 for this y, d. It is known in [14] that P˜ is a polymatroid, and the corresponding
submodular function g is
g(X) = f(EX) (X ⊆ N).
Also P˜y,d is a polymatroid, and the corresponding submodular function gw,d is given by
gw,d(X) = min
Z⊆X
{min
Z′⊇Z
{g(Z ′)− w(EZ′)}+ d(X \ Z)}.
These facts are also obtained by considering the polymatroidal network with one seller (of
polymatroid constraint P˜ ), as in Figure 4. The clinch ζi in Algorithm 1 is given as follows:
Theorem 5.6 (Goel et al. [14]). In Algorithm 1, it holds ζi = gw,d(N)− gw,d(N − i) for each
i ∈ N .
The goal of this section is to prove following:
Theorem 5.7. In Algorithm 2, we have the following:
(i) fw,d(EX) = gw,d(X) holds for each X ⊆ N .
(ii) The value fw,d(E)− fw,d(E \ Ek) does not change after the clinch of buyer i ∈ N − k.
In particular, the total amount ξ(Ei) of the clinch of each buyer i is determined by w and
d at the beginning of For Loop in line 4 (i.e., independent of the ordering of buyers). Now
 is the same in both algorithms. By Corollary 5.4 (ii) and Theorems 5.6 and 5.7, we obtain
Theorem 3.9 that in Algorithm 2 each buyer obtains the same total amount of goods as in
Algorithm 1.
The rest of this subsection is devoted to proving Theorem 5.7. Define g˜w,d : 2
N → R+ by
g˜w,d(X) := fw,d(EX) = min
Z⊆X
{fw(EZ) + d(X \ Z)} (X ⊆ N), (32)
where we use (25) for the second equality. We first analyze the behavior of g˜w,d when buyer i
clinches. Suppose that w and d are the transaction vector and demand vector, respectively, at
line 4 in the current iteration.
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Lemma 5.8. Suppose that buyer i clinches ξ ∈ REi+ of goods, and w and d are updated to w′
and d′, respectively, in lines 6–8. Then, for X ⊆ N , the following hold:
(i) If i ∈ X, then g˜w′,d′(X) = g˜w,d(X)− ξ(Ei).
(ii) If i 6∈ X, then g˜w′,d′(X) = g˜w,d(X).
Now Theorem 5.7 (ii) is an immediate corollary of Lemma 5.8 (i) since
fw′,d′(E)− fw′,d′(E \ Ek) = g˜w′,d′(N)− g˜w′,d′(N − k)
= (g˜w,d(N)− ξ(Ei))− (g˜w,d(N − k)− ξ(Ei))
= fw,d(E)− fw,d(E \ Ek). (33)
We prove (i) in the end, and we here only prove (ii).
Proof of Lemma 5.8 (ii). Here w′(e) = w(e) for e ∈ E \ Ei and w′(e) = w(e) + ξ(e) for e ∈ Ei,
and d′k = dk for k 6= i. Then g˜w′,d′(X) is given by
g˜w′,d′(X) = min
Z⊆X
{fw′(EZ) + d(X \ Z)}. (34)
For Z ⊆ X, it holds
fw′(EZ) = min
G⊆Ei
{fw(EZ ∪G)− ξ(G)}
since fw′(EZ) = minH⊇EZ{f(H) − w′(H)} = minH⊇H′⊇EZ{f(H) − w(H) − ξ(H ′ ∩ Ei)} =
minH′⊇EZ{fw(H ′) − ξ(H ′ ∩ Ei)} = minG⊇Ei{fw(EZ ∪ G) − ξ(G)}; in the last equality put
G = H ′ ∩ Ei and use the monotonicity fw(H ′) ≥ fw(EZ ∪G). Then the inequality (≤) follows
from
g˜w′,d′(X) = min
Z⊆X
{min
G⊆Ei
{fw(EZ ∪G)− ξ(G)}+ d(X \ Z)}
≤ min
Z⊆X
{fw(EZ) + d(X \ Z)} = fw,d(EX) = g˜w,d(X).
(≥) follows from
g˜w′,d′(X) = min
Z⊆X
{min
G⊆Ei
{fw(EZ ∪G)− ξ(G)}+ d(X \ Z)}
= min
G⊆Ei
{min
Z⊆X
{fw(EZ ∪G) + d(X \ Z)} − ξ(G)}
≥ min
G⊆Ei
{fw,d(EX ∪G)− ξ(G)}
= fw,d(EX) = g˜w,d(X),
where the third equality follows from Corollary 5.4 (i), and the inequality can be verified from
the definition (24) of fw,d(EX ∪G). Namely the total flow on EX ∪G is at most the sum of the
total flows on EZ ∪G and on {i′i | i ∈ X \ Z}: the former is bounded by fw(EZ ∪G) and the
latter is bounded by d(X \ Z).
We next show Theorem 5.7 (i), i.e., gw,d(X) = g˜w,d(X)(:= fw,d(EX)). Observe from the
definitions that the two functions are written as:
gw,d(X) = min
Z⊆X
{min
Z′⊇Z
{f(EZ′)− w(EZ′)}+ d(X \ Z)}.
g˜w,d(X) = min
Z⊆X
{ min
F⊇EZ
{f(F )− w(F )}+ d(X \ Z)}.
Comparing the inner minimums, we see that gw,d(X) ≥ g˜w,d(X) generally holds. We are going
to show the converse. By a minimizer of g˜w,d(X) we mean a subset Z ⊆ X satisfying g˜w,d(X) =
minF⊇EZ{f(F )−w(F )}+d(X \Z). Our goal is to show that in Algorithm 2 there always exists
a minimizer Z of g˜w,d(X) such that f(EZ) − w(EZ) = minF⊇EZ{f(F ) − w(F )}(= fw(EZ)),
which implies gw,d(X) = g˜w,d(X).
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Lemma 5.9. For X ⊆ N , the following conditions are equivalent.
(i) X is a (unique) minimal minimizer of g˜w,d(X); in this case, g˜w,d(X) = fw(EX) holds.
(ii) X is a minimal minimizer of g˜w,d(Y ) for some Y with X ⊆ Y ⊆ N .
Proof. It suffices to show that (ii) implies (i). Suppose that X is a minimal minimizer of g˜w,d(Y )
but X is not a minimal minimizer of g˜w,d(X). Then there exists a proper subset X
′ ⊂ X such
that fw(EX) ≥ fw(EX′)+d(X\X ′). Then fw(EX)+d(Y \X) ≥ fw(EX′)+d(X\X ′)+d(Y \X) =
fw(EX′) + d(Y \X ′), which contradicts the minimality of X for g˜w,d(Y ).
Let U ⊆ 2N denote the family of subsets X ⊆ N satisfying the conditions in Lemma 5.9.
Namely, X ∈ N is a minimal minimizer of g˜w,d(Y ) for some Y . By the argument before
Lemma 5.9, the following (ii) completes the proof of Theorem 5.7 (i).
Proposition 5.10. In Algorithm 2, the following hold:
(i) The family U is equal to 2N at the beginning, and is monotone nonincreasing through the
iterations.
(ii) For each X ∈ U , it always holds
fw(EX) = f(EX)− w(EX). (35)
Proof. At beginning of the algorithm, it holds wij = 0 (ij ∈ E) and di = ∞ (i ∈ N). Then
U = 2N . Also all X satisfies (35) by the monotonicity of fj (j ∈M).
Next we show: If X ∈ U satisfies (35) at line 4, then X satisfies (35) in the For loop (line
4–8). Consider X ∈ U satisfying (35) at line 4 with the turn of buyer i ∈ N . Suppose that the
buyer i clinches ξ ∈ REi+ of goods, and that w, d are updated to w′, d′ in lines 6–8. If i ∈ X,
then for each F ⊇ EX , f(F )−w(F ) decreases by ξ(Ei). Thus the equality (35) is keeping after
lines 6–8. If i ∈ N \X, then, by (35) for w, d and Lemma 5.8 (ii), we have
g˜w′,d′(X) ≤ fw′(EX) ≤ f(EX)− w′(EX) = f(EX)− w(EX) = fw(EX) = g˜w,d(X) = g˜w′,d′(X).
Thus we obtain (35) for new w′, d′.
Next we show that no new sets are added to U in the For loop. (In fact, one can show that
U does not change in the For loop.) Take X 6∈ U at line 4. Then there is a minimal minimizer
Z ⊂ X of g˜w,d(X) such that
fw(EX) ≥ fw(EZ) + d(X \ Z) = g˜w,d(X). (36)
Consider the clinch of buyer i as above. If X contains i, then both sides of (36) decrease by
ξ(Ei), and X is not a minimal minimizer for g˜w′,d′(X). If X does not contain i, then by (35) for
w, d and Lemma 5.8 (ii), we have g˜w,d(X) = fw(Z) + d(X \Z) = f(EZ)−w(EZ) + d(X \Z) =
f(EZ)−w′(EZ) + d(X \ Z) ≥ fw′(EZ) + d(X \ Z) ≥ g˜w′,d′(X) = g˜w,d(X), and this means that
Z ⊂ X is a minimizer of g˜w′,d′(X). Hence X 6∈ U holds after the clinch.
Finally we show that no sets are added to U by the calculation of dl in line 13. For each
X /∈ U , there exists a proper subset Z ⊂ X such that the inequality in (36) holds. Since fw
does not depend on d, and d is nonincreasing, this inequality still holds after the recalculation
of dl. Therefore it still holds that X /∈ U .
Finally we prove Lemma 5.8 (i), which completes the proof of Theorem 5.7 (ii) by (33).
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Proof of Lemma 5.8(i). Consider X ⊆ N with i ∈ X. Notice that di is changed to d′i =
di − ξ(Ei) after the clinch of i. Let Z ∈ U be a minimal minimizer of g˜w,d(X). By Proposi-
tion 5.10 (ii), we have g˜w,d(X) = fw(EZ) + d(X \ Z) = f(EZ)− w(EZ) + d(X \ Z). After the
clinch, the last quantity decreases by ξ(Ei) regardless whether Z contains i or not. This means
that g˜w′,d′(X) ≤ g˜w,d(X)− ξ(Ei).
We show the converse. Let Z ′ ∈ U be a minimal minimizer of g˜w′,d′(X). By the monotonicity
of U (Proposition 5.10 (i)), Z ′ belongs to U before the clinch. Therefore it holds again g˜w,d(X) ≤
fw(EZ′)+d(X \Z ′) = f(EZ′)−w(EZ′)+d(X \Z ′). After the clinch, the last quantity decreases
by ξ(Ei), which equals g˜w′,d′(X). This means that g˜w,d(X) ≤ g˜w′,d′(X) + ξ(Ei).
5.3 Proof of Theorem 3.11
Here we prove the pareto optimality (Theorem 3.11) in the setting of concave budget constraints
(Remark 2). In the proof, it is important to analyze how buyers drop out of the auction, or
situations when their demands become zero. Thanks to Theorem 3.9, we can use properties
obtained in Goel et al. [13] for one-sided markets. We utilize the notion of the dropping price
introduced by them. The dropping price of buyer i, denoted by θi, is defined as the first price
ci for which the demand di is zero. As shown in [13], there are three cases when buyer i drops
out of the auction.
Case 1: Buyer i clinches his entire demand ξ(Ei) = di. In this case, θi ≤ vi−. After the clinch,
it holds pi = φi(w(Ei)). By the concavity of φi, the demand never becomes positive.
Case 2: Buyer i does not clinch his entire demand but the price reaches his bid, i.e., θi = v
′
i.
Case 3: Buyer i does not clinch his entire demand but pi = βiw(Ei) and θi > βi.
We here call the event of case 2 or 3 the unsaturated drop (of buyer i). Recall that βi :=
limx→+0 φi(x)/x represents the angle of φi at 0. In the usual budget constraints, case 1 means
pi = Bi and case 3 never occurs (by βi =∞).
We use the following intriguing property to prove the pareto optimality (Theorem 3.11).
Here a subset X ⊆ N is said to be tight with respect to transaction w if w(EX) = f(EX)(=
g(X)).
Proposition 5.11 (Goel et al. [13]). Let i1, i2, . . . , it be the buyers doing unsaturated drop,
where they are sorted in reverse order of their drops; then θi1 ≥ · · · ≥ θit. For each k =
1, 2, . . . , t, let Xk denote the set of buyers having a positive demand just before the drop of ik.
Then we have the following:
(i) ∅ = X0 ⊂ X1 ⊂ X2 ⊂ · · · ⊂ Xt = N is a chain of tight sets.
(ii) For k = 1, 2, . . . , t, it holds ik ∈ Xk \Xk−1.
(iii) For i ∈ Xk \ (Xk−1 + ik), it holds θi ∈ {θik − ε, θik}.
The proof of PO in our mechanisms is a modification of that of [13, Theorem 4.6].
Proof of Theorem 3.11. We denote the set of nonvirtual buyers by N∗. By (ICb) (Theorem 3.3
or Corollary 3.10), we may assume that each buyer i reports true valuation, i.e., v′i = vi (i ∈ N∗).
Let A = (w, p, r) be the allocation obtained by Algorithm 2 (including the allocation to the
virtual buyers). Consider an arbitrary allocation (without virtual buyers) A′ = (w′, p′, r′) such
that ∑
i∈N∗
p′i ≥
∑
j∈M
r′j (37)
viw(Ei)− pi ≤ viw′(Ei)− p′i (i ∈ N∗), (38)
(rj − pn+j) + ρjw(n+j)j ≤ r′j + ρj(fj(Ej)− w′(Ej)) (j ∈M). (39)
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Our goal is to show that all inequalities in (38) and (39) hold in equality. Here A′ is extended
to an allocation with virtual buyers by:
w′(n+j)j := fj(Ej)− w′(Ej) (j ∈M),
pn+j := 0 (j ∈M).
In the sequel, virtual buyers are included in the market, i.e., (n+ j)j ∈ Ej . Then we have
w′(E) =
∑
j∈M
fj(Ej) = f(E). (40)
Also (38) and (39) are rewritten as
pi − p′i ≥ vi(w(Ei)− w′(Ei)) (i ∈ N∗), (41)
ρj(w
′
(n+j)j − w(n+j)j) ≥ (rj − r′j)− (pn+j − p′n+j) (j ∈M). (42)
We show
Claim (informal). By adding equalities and inequalities that include all in (41) and (42), one
can deduce ∑
i∈N∗
(pi − p′i) ≥
∑
j∈M
((rj − r′j)− (pn+j − p′n+j)). (43)
We first complete the proof assuming this claim. By substituting (SBB)
∑
i∈N∗ pi =∑
j∈M (rj − pn+j) for (43), we obtain
∑
i∈N∗ p
′
i ≤
∑
j∈M (r
′
j − p′n+j). Since p′n+j = 0 (j ∈ M),
we have ∑
i∈N∗
p′i ≤
∑
j∈M
r′j . (44)
By (37), the equality holds in (44). Consequently, all inequalities in (41) and (42) must hold in
equality, which implies the pareto optimality (Theorem 3.11).
Finally we prove the claim. Consider the buyers i1, i2, ..., it and the chain ∅ = X0 ⊂ X1 ⊂
X2 ⊂ · · · ⊂ Xt = N of tight sets in Proposition 5.11. Then ik ∈ Xk \Xk−1, and
f(EXk) = w(EXk) (k ∈ {0, 1, 2, . . . , t}), (45)
f(EXt) = f(E) = w
′(E) = w′(EXt), (46)
where (46) follows from (40). For each k ∈ {1, 2, . . . , t}, we define the following sets:
X∗k : = Xk ∩N∗,
Zk : = Xk \Xk−1,
Z∗k : = Zk ∩N∗.
We show: For each k ∈ {1, 2, . . . , t} and i ∈ Z∗k , it holds
pi − p′i ≥ θik(w(Ei)− w′(Ei)). (47)
The proof is a case-by-case analysis; recall the above three cases of the drop of buyer i.
Case 1-1: i 6= ik and w(Ei) ≥ w′(Ei).
In this case, i clinched his entire demand at his dropping price θi. Hence it holds θi ≤ vi−ε.
By θi ∈ {θik − ε, θik} (Proposition 5.11 (iii)), we have θik ≤ vi. By (41), we obtain pi − p′i ≥
vi(w(Ei)− w′(Ei)) ≥ θik(w(Ei)− w′(Ei)).
Case 1-2: i 6= ik and w(Ei) < w′(Ei).
Also in this case, i clinched his entire demand at price θi. By the definition of demand, for
any κ > 0, it holds pi + θiκ > φi(w(Ei) + κ). By substituting κ = w
′(Ei) − w(Ei) > 0, we
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obtain pi + θi(w
′(Ei)− w(Ei)) > φi(w′(Ei)) ≥ p′i. By θi ≤ θik (Proposition 5.11 (iii)), it holds
pi − p′i > θi(w(Ei)− w′(Ei)) ≥ θik(w(Ei)− w′(Ei)); notice that w(Ei)− w′(Ei) is negative.
Case 2: i = ik and θi = vi.
By (41), it holds pi − p′i ≥ vi(w(Ei)− w′(Ei)) = θi(w(Ei)− w′(Ei)).
Case 3-1: i = ik, θi > βi, pi = βiw(Ei), and w(Ei) ≥ w′(Ei).
By θi ≤ vi and (41), it holds pi − p′i ≥ vi(w(Ei)− w′(Ei)) ≥ θi(w(Ei)− w′(Ei)).
Case 3-2: i = ik, θi > βi, pi = βiw(Ei), and w(Ei) < w
′(Ei).
Since p′i ≤ βiw′(Ei), it holds pi − p′i ≥ βi(w(Ei)− w′(Ei)) > θi(w(Ei)− w′(Ei)).
In this proof of (47), we use (41) for cases 1-1, 2, and 3-1. For other cases (1-2 and 3-2),
the strict inequality holds in (47). It will turn out that those cases never occur. Namely (41) is
used to deduce (47) for each i ∈ N∗.
Next we prove: for each k ∈ {1, 2, . . . , t}, it holds∑
i∈X∗k
(pi − p′i) ≥
∑
j∈M :n+j∈Xk
((rj − r′j)− (pn+j − p′n+j)) + θik(w(EXk)− w′(EXk)) (48)
The proof uses induction on k. In the case of k = 1,∑
i∈X∗1
(pi − p′i) =
∑
i∈Z∗1
(pi − p′i) ≥
∑
i∈Z∗1
θi1(w(Ei)− w′(Ei)) =
∑
i∈X∗1
θi1(w(Ei)− w′(Ei))
=
∑
i∈X1
θi1(w(Ei)− w′(Ei)) +
∑
j:n+j∈X1
θi1(w
′
(n+j)j − w(n+j)j)
= θi1(w(EX1)− w′(EX1)) +
∑
j:n+j∈X1
ρj(w
′
(n+j)j − w(n+j)j),
where we use (47) with all i ∈ Z∗1 for the first inequality and the fourth equality follows from
ρj = v
′
n+j = θi1 since each virtual buyer never clinch his entire demand and βn+j = ∞. Now
by substituting (42) for the summation, we obtain (48) for k = 1. Suppose that (48) holds in
k ≥ 1. By inductive assumption, we have∑
i∈X∗k+1
(pi − p′i) =
∑
i∈X∗k
(pi − p′i) +
∑
i∈Z∗k+1
(pi − p′i)
≥
∑
j∈M :n+j∈Xk
((rj − r′j)− (pn+j − p′n+j))
+ θik(w(EXk)− w′(EXk)) + θik+1(w(EZ∗k+1)− w′(EZ∗k+1)),
where we use (47) with all i ∈ Z∗k+1. Since θik ≥ θik+1 and w(EXk) = f(Xk) ≥ w′(EXk), the
second and third terms are further calculated as
θik(w(EXk)− w′(EXk)) + θik+1(w(EZ∗k+1)− w′(EZ∗k+1))
≥ θik+1(w(EXk)− w′(EXk) + w(EZ∗k+1)− w′(EZ∗k+1))
= θik+1(w(EXk+1)− w′(EXk+1)) +
∑
j:n+j∈Zk+1
θik+1(w
′
(n+j)j − w(n+j)j)
≥ θik+1(w(EXk+1)− w′(EXk+1)) +
∑
j:n+j∈Zk+1
((rj − r′j)− (pn+j − p′n+j)),
where we use θik+1 = ρj again and use (42) for j ∈M with n+ j ∈ Zk+1. Gathering the above
two inequalities, we obtain (48) for k + 1, and complete the proof of (48).
Now consider the case of k = t in (48). By Xt = N and (46), the second term of the right
hand side vanishes, and we obtain (44). Here we used all inequalities in (42) and (47) to deduce
(48) for k = t. Therefore they must hold in equality. In particular, cases 1-2 and 3-2, which
derive strict inequality in (47), never occur. This means that we also used all inequalities in (41)
to deduce (47). Thus (41) must hold in equality. This completes the proof of Theorem 3.11.
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